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Abstract
There is a compelling connection between equations of gravity near the black-hole horizon and
fluid-equations. The correspondence suggests a novel way to unearth microscopic degrees of free-
dom of the event horizons. In this work, we construct a microscopic model of the horizon-fluid of
a 4-D asymptotically flat, quasi-stationary, Einstein black-holes. We demand that the microscopic
model satisfies two requirements: First, the model should incorporate the near-horizon symmetries
(S1 diffeomorphism) of a stationary black-hole. Second, the model possesses a mass gap. We
show that the Eight-vertex Baxter model satisfies both the requirements. In the continuum limit,
the Eight-vertex Baxter model is a massive free Fermion theory that is integrable with an infinite
number of conserved charges. We show that this microscopic model explains the origin of the
macroscopic properties of the horizon-fluid like bulk viscosity. Finally, we connect this model with
Damour’s analysis and determine the mass-gap in the microscopic model.
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I. INTRODUCTION
Damour-Navier-Stokes equation provides a hydrodynamical description of the response of
the black-hole horizon to external perturbations [1]. Thus, the Damour-Navier-Stokes equa-
tion offers a possibility to glean microscopic degrees of freedom (DOF) of the event-horizon
by associating Hawking temperature to the horizon-fluid. Using fluctuation-dissipation anal-
ysis, the current authors have obtained several physical quantities for general properties of
the horizon-fluid [2–4]. The study shows that the horizon-fluid is a possible route to under-
stand horizon DOF. It has two key features: First, the existence of a mass gap corresponding
to the lowest energy mode of the fluctuations [2, 3]. Second, the mass gap provides a new
approach to quantization of horizon-area [3, 5].
In this work, we construct a microscopic model of the horizon-fluid that satisfies two
requirements: First, the model incorporates near-horizon symmetries of a stationary black-
hole. Second, the model possesses a mass gap. We show that model explains the macroscopic
properties of the horizon-fluid like bulk viscosity.
Before we proceed with the model building, we focus on the implications of the two re-
quirements. Stationary, non-extremal black-holes in 4-dimensional general relativity exhibit
an infinite-dimensional symmetry in the near-horizon region [6–8]. Thus, the near-horizon
possess infinite-dimensional algebra such as S1 diffeomorphism [7] or (near) BMS [8, 9].
There is no consensus in the literature whether the full BMS symmetry exists near the
horizon [8]. Also, BMS contains Poincare´ group and many infinite non-equivalent copies [9].
It was demonstrated that the near-horizon symmetries include S1 diffeomorphism [7].
S1 diffeosymmetry can be incorporated in quantum theory by demanding that the theory
possess a representation of the Virasoro algebra [7]. In the literature, this is viewed as the
microscopic theory of the event-horizon being a CFT since it possesses representations of
Virasoro algebra [7, 10].
Here, we differ from these approaches and construct a microscopic model with a mass
gap. To understand this, consider the gravitational collapse of matter-energy to form a
spherically symmetric, asymptotically flat black-hole (see Fig. 1). We draw attention to
the point P (i+), a S2 surface. P is the intersection of the future event horizon H+ and
future null infinity I+ and is also part of the boundary of the space-time. Importantly,
the black-hole space-time becomes stationary only at P . This is because, for the portion
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outside it, the disturbance caused by various fields (including gravitational waves) is present
until one reaches P . At any point on H+, the black-hole can be viewed as interacting with
external fields. We can view this process as a perturbed black-hole relaxing to a stationary
black-hole by emitting QNMs [11].
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FIG. 1. Penrose diagram for the black-hole space-time formed by gravitational collapse. The
shaded region is the exterior of a collapsing star, the r = 0 line at the top of the diagram is the
curvature singularity and H+ is the future event horizon. I− and I+ are the past and future null
infinity, respectively.
For the microscopic description, this translates to the addition of interaction terms to the
stationary black-hole described by CFT. The microscopic model is a deformed CFT; CFT
perturbed by the relevant operators, including a mass term. These perturbed CFTs also
possess symmetries that lead to a representation of the Virasoro algebra [12]. Further, these
are Integrable field theories with an infinite number of conserved charges corresponding to
an infinite number of symmetries [13].
The physical picture is as follows: The stationary black-hole is a critical point that is
described by a CFT. The black-hole that relaxes to the stationary black-hole is described by
deformed CFT near the critical point. Given this, the microscopic model of the horizon-fluid
3
should satisfy the following requirements:
1. At P , the system is at the critical point and is described by a CFT.
2. Near P on H+, the model is described by a perturbed CFT.
3. One of the representations of the Virasoro algebra corresponding to the perturbed
CFT is also a representation of the S1 diffeomorphism symmetry.
The rest of this article is organized as follows: In Secs. (II), (III), we discuss the key
properties of the Eight-vertex Baxter model and its relation to a deformed CFT. In Sec.
(IV), we discuss the continuum limit of the model and its relation to the horizon-fluid. In
Sec. (V), we derive the bulk viscosity from the microscopic model. Finally, in Sec. (VI), we
discuss the implications of our results.
II. MICROSCOPIC MODEL AND STEREOGRAPHIC PROJECTION
The Eight-vertex Baxter model incorporates these features [14, 15]. The reasons for our
choice of the Eight-vertex Baxter model are as follows: First, this model, like the horizon-
fluid, is described in 2-D space. Second, the model is an exact integrable model, and it is
possible to obtain the partition function exactly. Third, we do not have to make any other
assumptions about the fundamental microscopic structures. The microscopic variables are
located on the edges between two nearest neighboring lattice points (vertices).
This model has the following properties that form crucial ingredients for the microscopic
model building of the horizon-fluid: First, it possesses lattice Virasoro algebra corresponding
to S1 diffeomorphism symmetry [16]. Second, it consists of two staggered 2D Ising lattices,
and its free energy density is the same as that of the 2D Ising model. However, the two-
sublattice symmetry is very different from that of the usual Ising model. Hence, the critical
indices of the Baxter solution are, in general, different from that of Ising [16]. Third, it
exhibits a second-order phase transition. In the continuum limit, it is an Integrable Field
Theory near the critical point and is a CFT at the critical point [16–18].
The alert reader may wonder how the Baxter model can be adapted to the cross-section
of a black-hole event-horizon, which is a S2 surface. As shown in Fig. 2, this model can
be adopted on the two hemispheres of the S2 surface through stereographic projection from
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BA↓ ↪→φ ↓ Pu
Hu
→Γ
Hd
↑ ↑ Pd
FIG. 2. Stereographic projection of the eight-Vertex Baxter model from the two sub-lattices to S2
surface of the black-hole horizon.
two Baxter lattices. Let Pu (Pd) denote the map corresponding to the projection A → Hu
(B → Hd). For the consistency of the model, we need to impose the condition P−1u ◦ {Γ} ≡
P−1d ◦ {Γ}, where, P−1 denotes the inverse map and Γ is equatorial plane of the S2 surface.
The above condition retains the periodic boundary condition of the Baxter model. The
projection allows relating the Euclidean boost parameter of the Baxter model [18] to the
azimuthal angle in the spherical polar coordinate. We can relate the Virasoro algebra (cor-
responding to the S1 diffeomorphism) of the Euclidean boost parameter to the S1 diffeo-
morphism of the azimuthal angle in the horizon-fluid model. Thus, the projection retains
the model’s main physical features [18]. Our first task is to explicitly show that the model
possesses all three requirements mentioned above.
III. EIGHT-VERTEX MODEL AND DEFORMED CFT
The model has eight possible arrangement of arrows at a vertex with four distinct Boltz-
mann weights a, b, c, d. These satisfy two constraints [15]:
cd
ab
=
1− Γ
1 + Γ
;
a2 + b2 − c2 − d2
2(ab+ cd)
= ∆ (1)
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For constant Γ and ∆, there exists a one-parameter family of Boltzmann weights (w) which
satisfy the star–triangle relations and, hence, the eight-vertex model has a one-parameter
family of commuting transfer matrices [15]. This allows one to parameterize the Boltzmann
weights explicitly in terms of spectral variable (u):
a = snh(λ− u) b = snhu
c = k snhλ, d = k snh(λ− u)
(2)
where, k is the elliptic modulus, and snh u = −i sn(iu). It has been shown that the transfer
matrix of the eight-vertex model commutes with the XYZ Hamiltonian [19]:
HXYZ = −1
2
N∑
j=1
Jσσ
σ
j σ
σ
j+1 where σ = x, y, z . (3)
The coupling constants are related to the weights by the relation: Jx : Jy : Jz = 1 : Γ : ∆.
The spins σn’s are related to the vertex weights by the vertex operator (Vn):
Vn =
1
2
[
a+ c+ [a− c]σznσzn+1 + [b+ d]σxnσxn+1 + σynσyn+1
]
The row-to-row transfer matrix can be expressed as
T (u) = lim
N→∞
Tr (V−N V−N+1 · · ·VN) . (4)
The transfer matrix can be expanded formally around a point u = u0, as
lnT (u) =
∞∑
n=0
In(u− u0)n ; In := 1
n!
dn ln T(u)
dun
∣∣∣∣
u=u0
(5)
In (n ≥ 1) can be interpreted as the operators that couple with (n+1) neighboring sites [15].
I1 corresponds to the Hamiltonian of a spin chain with nearest neighbour (3):
I1 = −HXYZ ≡
∞∑
j=−∞
HXY Z(j, j + 1). (6)
It is more convenient for our purpose to describe the model in terms of Corner Transfer
Matrix. The corner transfer matrix operator can be viewed physically as connecting semi-
infinite rows of arrows with a semi-infinite column of arrows of one quadrant of lattice. In
the thermodynamic limit, the following relation holds [15]:
A(u) = exp
[
− piu
2K
L0
]
, (7)
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where K is a complete elliptic integral associated with modulus k and
L0 = 2K
pi
∞∑
j=−∞
jHXY Z(j, j + 1). (8)
To keep the calculations transparent, we set Γ = 0, i. e., cd = ab in (1). This corresponds
to the condition Jz = 0 in the Hamiltonian (3) which is the well-known XY model [15]. L0
in Eq. (8) is diagonalized by the operators:
Ψ(l) = Nl
∫
dα e−ıαlpi/2Kχ(α) (9)
where Nl is the normalization constant, and χ(α) = snα a
α(α) + ı
√
k cnα ay(α) . The inte-
gration over α is over one complete real period of the elliptic functions from −2K + ıK ′/2
to 2K + ıK ′/2. Itoyama and Thacker showed that L0 can be expressed as
L0 =
∑
l
l : Ψ¯(l)Ψ(l) : +h , (10)
where, h is a constant. L0 is embedded into a Virasoro algebra as a central element [16–18].
The normal ordering is defined by the relations, Ψ(l)|h〉 = 0(∀ l ≥ 1),Ψ(l)|h〉 = 0, (∀ l ≤ 1) .
Other Virasoro operators Ln can be constructed from these momentum space operators [18].
From (9), it follows that,
[Ln,Lm] = (n−m)Ln+m + 1
12
c(n3 − n)δn+m,0. (11)
As noted in [18], the physical Hilbert space built from the state |h〉 forms a highest weight
representation of the Virasoro algebra. Since the eigenvalues of L0 are doubled due to the
zero modes of the operator Ψ(0) and Ψ(0), the highest weight vector forms a two dimensional
representation under parity conjugation. At the critical point, the central charge c = 1 and
h = 1
8
.
Using the following classical generators (lDiffn ),
lDiffn = −
1
2
ζn+1
d
dζ
− 1
2
d
dζ
ζn+1. (12)
we can obtain other Virasoro algebra, different from the one described above. The difference
is that lDiffn s are generators of diffeo-transformation of the spectral rapidity parameter or
the Euclidean boost parameter (α) [18, 20]. The corresponding Virasoro algebra can then
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be constructed by defining the following Ldiffn :
Ldiffn = :
∫ 3K
−K
dβ
2pi
B(β + 2K − ıK ′)lnB(β) : +hδn,0
=
∑
l
(l +
n− 1
2
) : ψ¯(l)ψ(l + n) : +hδn,0. (13)
This is the first key result of this work and it validates the modelling of the horizon-fluid as
a system near a critical point. The microscopic model has a mass gap. Our next task is to
relate the model to the horizon-fluid.
IV. CONTINUUM LIMIT AND MODELING HORIZON-FLUID
The critical properties of the model are dominated by long-range effects, hence, a contin-
uum approximation will suffice. The continuum limit of the eight-vertex model is a theory
of massive Dirac Fermions (ψ1, ψ2) [18] which possesses an infinite sequence of conserved
charges. Physically, this implies that besides the total angular momentum, the entire mo-
mentum distribution is conserved [18]. Interestingly, it turns out that all of these operators
can also be written as integrals of local densities in coordinate space,
Ln =
∫
dxJ
(n)
0 (x) , (14)
where J0 is the zeroth component of a conserved but explicitly space-time dependent current.
J
(−1)
0 is the Hamiltonian plus the momentum operator and J
(0)
0 (at t = 0) is the first moment
of the Dirac Hamiltonian [18]. The local densities J
(n)
0 associated with the higher L’s contain
both higher powers of x and t and higher derivative operators. These operators play a role
in the Virasoro algebra analogous to that of the higher moments of the stress tensor in the
conformal theory. However, due to the integrability of the system, the operators are related
to the infinite sequence of conserved charges. Thus, L−1 and L0 can be expressed in terms of
the energy and momentum density. For higher n’s, each new Ln introduces a new member
of the sequence of conserved densities. This establishes a direct link between the existence
of a non-critical Virasoro algebra and the integrability of the system [18]. This sets another
critical requirement of the microscopic model: an integrable field theory with an infinite
number of conserved charges corresponding to an infinite number of symmetries [13].
To make contact with the phenomenological analysis and include the phase mode in the
analysis, we turn to the fact that the Free-energy of the Baxter model is given by the Landau-
8
Ginzburg theory of a classical Ising model in 2-dimensions near the critical point [15], which
can be described by a theory of a free massive scalar field ϕ [21]. The key is to identify the
microscopic field with the phenomenological order parameter. We make the identification
in an approximate sense. This allows us to fix the parameters of the microscopic model of
the horizon-fluid and calculate the coefficient of bulk-viscosity of the horizon-fluid.
As a first step, we write down the Landau-Ginzburg expression for the entropy functional
corresponding to the horizon-fluid instead of using the Free Energy functional [22]. The
reason is two-fold: First, as described in Fig. 1, we are considering a situation where the
black-hole (of horizon area A) is interacting with the environment, and hence, there is a flow
of energy. Thus, we need a framework in which the energy density and the order parameter
appear in the formalism on the same footing. As shown in Ref. [22], the appropriate ther-
modynamic potential, is entropy functional and not free energy. The stationary state of
the black-hole, denoted by the point P in Fig. 1, corresponds to the thermodynamic equi-
librium state of the black-hole with maximum entropy. For the quasi-stationary state of the
black-hole (some point on H+, in the past of P ), corresponds to the vacuum of the deformed
CFT in the microscopic theory of the horizon-fluid. Second, as we will show the analysis
helps to remove the arbitrariness in introducing the infra-red cut-off in the theory [2].
Following [2], we assume that the entropy density of the horizon-fluid is homogeneous.
We focus on a macroscopically small but finite element of the area of the black-hole horizon,
denoted as A. A satisfies the condition A/A  1. The order parameter (η) is taken to
be η = C
√A. The value of the constant C can be fixed only by relating to a macroscopic
quantity. The entropy functional (S) of the horizon-fluid of this finite element about (T,A)
is given by [22]:
S = S0(T,A)− a η2 − b η4, (15)
where, a, b are constants. Let the value of the entropy functional S in the quasi-stationary
state by SQS and the stationary state by SS, respectively. Note that SS is the global
maximum for entropy functional S. We assume that the process of going from SQS to SS
is a slow physical process so that equilibrium thermodynamics can be used to describe the
quasi-stationary state. For the microscopic model of the horizon-fluid, this means that the
ground state of the deformed CFT evolves slowly into a state of CFT. The slow evolution
implies that the deformed CFT vacuum likely to possess some of the symmetries of a CFT
state. This is reminiscent of the adiabatic evolution of a quantum state, however, it is not
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the same.
Rewriting (15) in terms of the horizon-area at equilibrium, we get,
Amax
4
= S0 − aC2Amax − bC4A2max ,
leading to:
a = − 1
4C2
; S0 + bC4A2 = 0 . (16)
Beside the above conditions, the constants must satisfy the condition that at at equilib-
rium, the entropy functional S is maximized. Denoting the deviation of (η,S) from their
equilibrium values (ηmax,SQS) as (δη, δS), δS and δη are related by,
δS = 2aδη2. (17)
Since the deviation is away from equilibrium, one takes, a < 0. Eqs. (16), (17) lead to the
relation:
δS = − 1
2C2
δη2. (18)
The change in the entropy functional is related to the change in the energy density of the
horizon-fluid:
δH(δη) = −T δS = T
2C2
δη2. (19)
The next step is to relate the order parameter with the scalar field (ϕ). Using the
universality near critical point, we have [15, 18]:
〈ϕ〉 = δη√A , (20)
where, 〈ϕ〉 is the average value of the field ϕ in the area A. The effective Hamiltonian Heff
in terms of η is approximately same as Heff in terms of (ϕ). By this mapping, we neglect
sub-leading terms in the microscopic model.
The last step is to obtain Heff (ϕ) in terms of the field ϕ. From Eqs. (20) and (19), we
have
δH(ϕ) = meff
2
ϕ2 where meff =
T
C2
. (21)
Thus, the effective Hamiltonian of the scalar field ϕ is:
Heff(ϕ) =
∫ [
1
2
(∂ϕ
∂t
)2
+
(∇ϕ)2 + meff
2
ϕ2
]
dA, (22)
where, the integral is over the area of the event-horizon. This is the second key result of
this work and it confirms that the microscopic model contains a mass gap meff .
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V. BULK VISCOSITY FROM THE MICROSCOPIC MODEL
To test the model’s predictivity, we determine the coefficient of bulk-viscosity of the
horizon-fluid from the microscopic Hamiltonian (22). Following Kubo [25], the bulk-
viscosity of the horizon-fluid can be determined using the current and computing the auto-
correlation function of the current. The calculation of auto-correlation function requires
the probability distribution of field. While the procedure we adopt is same as that used
in Refs. [2, 3], the key input from the microscopic model is meff . In the phenomenological
analysis [2], the probability distribution of the fluctuation of the order parameter is given
by
P (δη) = Nc exp[−α/CA2(δη)2] , (23)
where α is an unknown constant which could not be fixed in the mean-field calculations
independently. For the Hamiltonian (22), probability distribution corresponding to ϕ is
P (ϕ) = Nc exp
[
−meff
2T
ϕ2
]
. (24)
This is an important result and we would like to stress the following: First, the probability
distribution corresponding to the microscopic model does not have any extra arbitrary pa-
rameter. Second, when meff 6= 0, only modes greater or equal to meff will be allowed. Thus,
meff provides an IR cut-off. Following the calculations in [2, 3], the bulk-viscosity is
ζ = − T
4meff
. (25)
Substituting for meff from (21), we get ζ = −C24 . Thus, the coefficient of bulk-viscosity is
related to the constant of proportionality between η and A. Demading that this is identical
to the value of the coefficient of bulk-viscosity (ζ = − 1
16pi
) obtained by Damour [1], we get
C = 1
2
√
pi
.
This is the third key result of this work, and we would like to stress the following points:
First, the mass-gap provides an infra-red cut-off, and the value of ζ determines its value.
Second, the mass gap allows us to provide a new explanation for the Bekenstein’s adiabatic
area quantization conjecture [23]. In the adiabatic limit, only the lowest-lying excited states
lead to Bekenstein’s area quantization [3].
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VI. DISCUSSION
We have constructed a microscopic model for the horizon-fluid. The model has the
following four key features. First, the model contains an infinite-dimensional symmetry
algebra corresponding to the near-horizon symmetries of black-holes. Second, the model
possesses a representation of the Virasoro algebra. Third, for the horizon-fluid, the model
contains an infra-red cut off corresponding to a mass gap. Thus, the model describes a system
close to the CFT. Lastly, the mass gap provides a simple explanation for the Bekenstein’s
area quantization.
We point that while we have used a lattice model to describe the horizon-fluid, this is not
indicative of the discreteness of space-time. The Baxter model is convenient to incorporate
the near-horizon symmetries and relate it to the mean-field calculations. As we have shown,
for most purposes, the continuum limit of the model is sufficient to obtain the results. We
note that the second-order phase transition of the horizon-fluid shares only an analogy with
the common second order phase transition.
In this work, we have only considered homogeneous perturbations of the horizon-fluid.
We need to construct a microscopic model, including general perturbations of the horizon-
fluid. This complete theory would, of course, be richer than the model we have put forward.
Nonetheless, the complete theory should also share the first three key features of the current
model mentioned above. Thus, we expect the complete microscopic theory of the horizon-
fluid to describe a system close to the critical point such that it has a representation of the
near-horizon symmetry algebra and having a mass gap with a fixed, known value. This is
under investigation.
This work made the first attempt to identify the horizon-fluid’s microscopic degrees of
freedom. We are lead to the question: Can we use fluid-gravity correspondence to obtain a
microscopic description of the black-hole event-horizon? If the fluid-gravity correspondence
is accurate for the large wave-length limit, then our analysis can potentially identify the
microscopic description of the low-energy limit of any theory of quantum gravity. Based
on these results, we conjecture that the quantum gravity theory corresponding to the event
horizon is a CFT; however, when disturbed by non-stationary perturbations, the CFT is
deformed by relevant and irrelevant operators. Thus the theory on the black-hole horizon
flows towards a critical point as the perturbed black-hole ultimately becomes stationary. We
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think that this conjecture may be a good starting point to construct quantum gravity models
on the black-hole horizon.
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